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Abstract: We study instant conformal symmetry breaking as a holographic effect
of ultrarelativistic particles moving in the AdS3 spacetime. We give the qualitative
picture of this effect probing it by two-point correlation functions and the entangle-
ment entropy of the corresponding boundary theory. We show that within geodesic
approximation the ultra-relativistic massless defect due to gravitational lensing of the
geodesics, produces a zone structure for correlators with broken conformal invariance.
Meanwhile, the holographic entanglement entropy also exhibits a transition to the
non-conformal behaviour. Two colliding massless defects produce more diverse zone
structure for correlators and the entanglement entropy.
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1 Introduction
In this paper we continue to study two-dimensional quantum field theory on the
boundary of theAdS3 space deformed by point particles moving in the bulk within the
AdS/CFT correspondence. In the previous paper [1] we have studied deformations
by massive moving particles in AdS3. Similar problems have been investigated in the
early papers [2–5] for various models. For motivation to study these problems see [1]
and references therein.
In papers [2–5], [1] the group theoretical language is used to describe the con-
ical defects [6–8] by the corresponding cutting and gluing procedure. To calculate
the two-point boundary correlators we use the geodesic approximation proposed in
this context in [2]. The ultrarelativistic point particle, starting from the boundary
of the cylinder shrinks the bulk along the worldline symmetrically with respect to
the starting point [8]. As the particle penetrates the bulk of AdS3 deeper geodesics
connecting the boundary points exhibit lensing effects. A similar effect takes place
for massive particles [2–5], [1] and due to this effect one gets the zone structure for
two-point correlators of the boundary theory. Considering collisions of two ultrarel-
ativistic particles we get even more complicated structure for geodesics, that lead to
a multi-zone structure for two-point correlators. Namely, around the edges of the
shrinking space we get the focusing of geodesics due to winding on the wedges of the
defect in a rather nontrivial way. Near the endpoints the winding geodesics domi-
nate, while away from the location of wedges, dominate the non-winding ones. There
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is also an intermediate zone, where both families of geodesics contribute, creating
some kind of resonance. There are also discontinuities separating different zones,
they are localized and propagate on the boundary of AdS3 with the constant speed.
The study of the holographic entanglement entropy (HEE) [9] becomes a rapidly
developing subject with a broad range of applications due relative simplicity of en-
tanglement entropy realization in holography and wide variety of modifications of
basic examples [10–15]. In this paper we calculate the HEE for 2-dimensional theo-
ries on the circle with varying radius. As holographical gravity models we consider
the same models as in the first part of the paper, the AdS3 spacetime deformed by
one or two ultrarelativistic particles.
The paper is organized as follows. In Section 2 we review the AdS3/CFT2 setup
with colliding point particles in the bulk. In Section 3 we compute the two-point
correlation function using the geodesic approximation and present the results of the
calculations. In Section 4 we compute the holographic entanglement entropy in
presence of ultra relativistic particles. In the conclusion we summarize the obtained
results and discuss future perspectives related with investigations of collisions of two
ultrarelativistic particles.
2 Setup
Let us briefly recall the group structure of the description of ultrarelativistic particle
deformation of the AdS3 space on group theoretical language [6–8].
Points of AdS3 can be represented as SL(2) group elements of real 2×2 matrices
x = x31 +
∑
µ=0,1,2
γµx
µ = coshχΩ(t) + sinhχΓ(φ), (2.1)
where
1 =
(
1 0
0 1
)
; γ0 =
(
0 1
−1 0
)
; γ1 =
(
0 1
1 0
)
; γ2 =
(
1 0
0 −1
)
, (2.2)
and
Ω(t) = cos t1 + sin t γ0 Γ(φ) = cosφγ1 + sinφγ2, (2.3)
where (t, χ, φ) are ”barrel” coordinates, here we assume, that χ ≥ 0, φ ' φ + 2pi,
−pi/2 < t < pi/2.
We will also use the Poincare disk coordinate r, related with χ via
r = tanh(
χ
2
). (2.4)
In the Poincare disc coordinates the AdS3 metric is:
ds2 = −
(
1 + r2
1− r2
)2
dt2 +
(
2
1− r2
)2 (
dr2 + r2dφ2
)
, (2.5)
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where r < 1.
Let us consider a massless particle with a lightlike momentum vector pointing
along the x-direction. Its holonomy is:
u = 1 + tan 
(
0 2
0 0
)
, u−1 = 1− tan 
(
0 2
0 0
)
. (2.6)
The isometry transformation related to the holonomy has the form
x→ x∗ = u−1xu. (2.7)
Lightlike particle worldline is the set of fixed points of this isometry, with r =
tan(t/2) and φ = 0. To construct the region that the particle cuts out from AdS
space, one proceeds as following [8]. First, we switch to the ADM-like point of view,
so that AdS can be considered as a Poincare´ disc evolving in time. Then, one looks
for a pair of some special curves w± on the constant time sections. These curves
are mapped onto each other by the given isometry. Finally, we cut out the wedge
between these curves, and identify the faces according to the isometry.
Note, that it takes only a finite amount of time for the particle to travel through
the whole space. The particle start position is at t = −pi/2, and the final position
is at t = pi/2. We consider deformation only for this time interval −pi/2 < t < pi/2
and we expect the space manifold to be a Poincare´ disc with a wedge cut out.
A point (t, r,−φ) ∈ w− is mapped onto (t, r, φ) ∈ w+ under the isometry action.
The matrices representing these points are
w± =
1 + r2
1− r2 Ω(t) +
2 r
1− r2 Γ(±φ). (2.8)
Writing the relation
uw+ = w−u (2.9)
one finds [8], that the faces w+ and w− are uniquely determined by the following
equations
w± :
2 r
1 + r2
sin(± φ) = sin t sin . (2.10)
The curves w+ and w− intersect at the the fixed point of the isometry, lightlike
worldline
r = tan(t/2). (2.11)
The spacetime manifold is obtained by cutting out the wedge behind the particle
and identifying the faces of the wedge defined by equations (2.10). The resulting
spacetime manifold has constant curvature everywhere, excepting the world line.
In Fig.1 these curves are shown for different constant time sections. In Fig.2 the
wedge to be removed is shown.
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A B
Figure 1. The plot of the wedges w±,  = pi/4 (A) and  = 0.45pi (B), for different
constant time sections. From the left to right(on each plot) curves correspond to constant
time t sections for t = −1.1, −0.4, 0, 0.3, 1.47.
A B
Figure 2. The plot of wedge faces that the point particle produces. The green line on
the boundary shows the allowed zone for the final time moment, t = pi/2, the red coloring
corresponds to the cut out space. Here we take  = pi/4 (A) and  = 0.45pi (B).
In [8] the AdS3 space deformed by two ultrarelativistic particles starting from
the opposite points of the AdS3 boundary has been also considered.
As it was mentioned, point sources deform AdS3 in a local way, so for each
particle and wedge faces we can take the result just mentioned above. In Fig.3. A
we plot the process of collision for two ultrarelativistic particles starting with angles
φ = 0 and φ = pi at the moment t = −pi/2, i.e. before t = 0. The space between
– 4 –
faces of the wedges on the left and on the right side are deleted. The picture after
collision is presented in Fig.3.B.
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Figure 3. The plot of two colliding massless particles picture for  = pi/4, before collision
(A) and after collision (B) for different times t. On the left plot t = −1.17, −0.67, −0.3, 0..
In the right plot t = 0.1, 0.5, 0.9, 1.3.
3 Correlators on the boundary of AdS3 deformed by moving
defects in the bulk
3.1 One ultra-relativistic defect
Let us consider the two-point correlator on the boundary of AdS3 deformed by one
massless particle1
The two-point correlator on the boundary of AdS3 deformed by one massless
particle is:
G,∆(φa, ta, φb, tb) =
(
1
2 |cos(ta − tb)− cos(φa − φb)|
)∆
Θncr(ta, φa; tb, φb; ) (3.1)
+
(
1
2 |cos(ta# − tb)− cos(φa# − φb)|
C
−1/2
a#
)∆
Θcr(ta# , φa# ; tb, φb; ).
where
Cb∗ =
((
2 tan2() + 1
)
sin(tb)− 2 tan() sec() sin(− φb)
)2
+ cos2(tb) (3.2)
Cb# =
((
2 tan2() + 1
)
sin(tb)− 2 tan() sec() sin(+ φb)
)2
+ cos2(tb) (3.3)
1Here we mean a deformation of the universal two-point correlator, given by eq.(2.76) in [1]. It is
related with the Wightman, retarded and causal correlators by well-known formulae, see Sec.2.3.4.
in [1].
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are the renormalization factors (see [1] for more details). The function Θncr is defined
as follows:
• Θncr(ta, φa; tb, φb; ) = 1 if geodesic connecting points (φa, ta) and (φb, tb) does
not cross the wedge at some time;
• Θncr(ta, φa; tb, φb; ) = 0 if geodesic connecting points (φa, ta) and (φb, tb) crosses
the wedge at some time.
Θcr is defined as follows:
• Θcr(ta, φa; tb, φb) = 1 if geodesic crosses the nearest from the point b face of the
wedge at any time;
• Θcr(ta, φa; tb, φb) = 0 if geodesic does not cross the nearest face of the wedge
from the point b.
Calculating supports of functions Θcr and Θncr numerically we find which geodesics
contribute to the correlator. Generally speaking, there are three different possibilities
for geodesic configurations connecting two points on the boundary:
• there is a geodesic connecting a and b that does not cross the wedges (we
call this geodesic the basic, or the non-winding one) and there is no winding
geodesic connecting a and b (i.e. there is no geodesic connecting a and b and
crossing the wedge)
• there is a winding geodesic connecting a and b and there is no one geodesic
connecting a and b
• there is a basic geodesic connecting a and b and simultaneously there is a
winding geodesic connecting a and b.
In Fig.4 and Fig.5 we plot the different cases of geodesic configurations for different
values of the parameter . If the basic geodesic does not cross the wedge it contributes
to the propagator, and conversely, if the geodesics connecting images does not cross
the wedge, it does not act as a winding geodesic.
In Fig.4.A the black curve does not intersect the wedges and winding geodesics
(green and red lines) intersect the wedges. In this case both contribute in (3.1). In
Fig.4.B the black curve is noncrossing and red and green curves do not cross the wedge
faces too. In this case only the non-winding geodesic (the black curve) contributes.
In Fig.4.C the black curve intersects the wedge, geodesics relating corresponding
image points also intersect the wedge, so only the winding geodesic contributes. The
same picture takes place for geodesics presented in Fig.5. A, B and C.
Let us see the influence of moving particle on the two-point functionG,∆(φ1, t1, φ2, t2).
Let us take one of the points, namely (φ1, t1), to be fixed. Suppose, that φ1 and φ2
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A B C
Figure 4. The black curves on plots A, B and C are the basic geodesics, the red and
green ones are winding geodesics. Boundary points (φa, ta) and (φb, tb) correspond to the
black geodesic endpoints.  = pi4 .
A B C
Figure 5. The black curves on plots A, B and C are the basic geodesic, the red and
green are winding ones. Boundary points (φa, ta) and (φb, tb) correspond to the black curve
endpoints.  = 0.4pi .
are located on the opposite halves of the AdS3 boundary with respect to the lightlike
worldline, i.e. φ1 ∈ (pi, 2pi), φ2 ∈ (0, pi), and time t1, t2 ∈ (−pi2 , pi2 ), i.e. we study the
quantity:
G,∆,φ1,t1 (φ, t) = G−1,∆(φ1, t1, φ, t). (3.4)
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In Fig.6 and Fig.7 we plot G,∆,φ1,t1 (φ, t) for different , t1 and φ1. From Fig.6 and
Fig.7 we see, that near the edge of the living space there is a nontrivial change in the
correlator. We call this zone a pulse. Pulse propagates from the edges of the defect
and its size is changed with time. In Fig.6.A we can see, that the discontinuity is
formed at the moment t = −pi
2
, near the point on the boundary, wherefrom the mass-
less particle starts, then this discontinuity propagates with nearly constant speed.
On the left side from the discontinuity the correlator is not changed and here the
conformal symmetry is not broken. In Fig.6.B we see how additional discontinuity
appears, due to mixing of different geodesic contributions and we get a resonance.
A. B.
Figure 6. Density plot of the function (3.4). The angular coordinate corresponds to the
x-axis and time coodinate to the y-axis. The point particle parameter value  = pi4 . The
red thick curve corresponds to the boundary of the living space. A. Fixed angle φ1 =
3pi
2
and time t1 = 0, conformal dimension value is ∆ = 1. The thick black line near the
diagonal corresponds to the discontinuity in the correlator due to the presence of different
contributions. B. Fixed angle φ1 = 5 and time t1 = 0, conformal dimension value is ∆ = 1.
Two thick black lines near the diagonal correspond to the discontinuity in the correlator
due to different contributions presence.
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A. B.
Figure 7. Density plot of the functions (3.4). The point particle parameter value  = 1.
The angular coordinate corresponds to the x-axis and time coordinate to the y-axis. The
red thick curve corresponds to the boundary of the living space. The conformal dimension
is ∆ = 1 for both plots A. and B. A. Fixed angle φ1 =
3pi
2 and time t1 = 0. The thick
black line near the diagonal corresponds to the discontinuity in the correlator due to the
presence of different contributions. B. Fixed angle φ1 = 5 and time t1 = 0. Two thick black
lines near the diagonal correspond to the discontinuity in the correlator due to different
contributions presence
3.2 Two colliding ultra relativistic particles.
Let us consider two colliding point particles in the AdS3. It includes more possibilities
for geodesics to wind on the faces of the defect and the picture is more involved for
this case.
There are two different cases:
• The first one is when we take two points on the opposite sides of cylinder,
symmetrically with respect to the line of collision, i.e. we consider correlator
G(φ1, t1, φ2, t2), where pi < φ1 < 2pi and 0 < φ2 < pi. Time is taken to be
−pi/2 < t1, t2 < pi/2. In this case we have the contribution coming from two
types of geodesics: the basic geodesic and the geodesics passing once through
each defect (see Fig. 8)
• The second one is when we take both points on one side of the boundary, i.e.
pi < φ1 < 2pi and pi < φ2 < 2pi. In this case the two-point correlator obtains
two contributions, one from the basic geodesic, and one from the geodesic that
winds two times. First it passes through the lower face of the left wedge, then
through the upper face of the right wedge. The schematic illustration of this
case is presented in Fig. 9A.
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In this paper we consider only the first case from the above list. It corresponds
to the long-range effects in dual theory. Let us consider the first situation from the
above list. The universal correlator for the case when points are on the opposite
sides of AdS3 is:
G(φa, ta, φb, tb)1,2,∆ (3.5)
=
(
1
2 |cos(ta − tb)− cos(φa − φb)|
)∆
Θallncr(a, b; 1) ·Θallncr(a; b; 2)
+
(
1
2 |cos(ta#1 − tb)− cos(φa#1 − φb)|
C
−1/2
a#1
)∆
Θllcr(a
#1 , b; 1) ·Θluncr(a, b∗1 ; 2)
+
(
1
2 |cos(ta − tb#2 )− cos(φa − φb#2 )|
C
−1/2
a#2
)∆
Θrlcr(a
#2 , b; 2)Θ
ru
ncr(a; b
∗2 ; 1)
The term in the first line corresponds to the basic geodesic contribution, the second
line corresponds to geodesic winding through the left wedge and the third line corre-
sponds to the contribution from the geodesic winding through the right wedge. Here
we use different functions Θ defined as following.
Function Θallncr(a, b; ) = 1 if the geodesic connecting two points a and b does not
cross any wedge and Θallncr(a, b; ) = 0 otherwise.
Function Θllcr(a, b; ) = 1 if the geodesic crosses left lower face of the wedge and
Θllcr(a, b; ) = 0 otherwise.
Function Θrlcr(a, b; ) = 1 if the geodesic crosses right lower face of the wedge and
Θrlcr(a, b; ) = 0 otherwise.
Function Θluncr(a, b; ) = 1 if the geodesic does not cross left upper face of the
wedge and Θluncr(a, b; ) = 0 otherwise.
Function Θruncr(a, b; ) = 1 if the geodesic does not cross right upper face of the
wedge and Θruncr(a, b; ) = 0 otherwise.
In Fig.10 and Fig.11 we present the dependence of the inverse correlators on the
boundary in the case of two massless particles in the bulk. Here φ1 = 3pi/2 and
φ = 5. In all these plots we see two pulse zones coming from each boundary. We see
asymmetry in the right columns of Fig.10 and Fig.11. Asymmetry is related with
the asymmetrical position of the point φ1 with respect to the collision line. In some
time these two pulses collide, forming another structure. Note, that the asymmetry
is conserved during the collision process.
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Figure 8. Illustration of multiple geodesics configuration for two certain points (the black
curve endpoints) on the boundary. Black curve is the basic geodesic, red geodesics pass
through the left and right wedge faces, green geodesics are their image under the isometry
action (here we take  = pi/4 for both defects).
4 Holographic Entanglement Entropy Calculation
4.1 One massless defect.
In this section we calculate the HEE for spacelike intervals for different equal time
sections of our background. We fix equal time points on the opposite sides of the
boundary of the AdS3 space with respect to the particle worldline, t1 = t2 = t0. To
probe the HEE we vary t0 from t0 = −pi/2 to pi/2. For a static spacetime the HEE
[10] equals2 to the minimal renormalized length Lren(φ1, t0, φ2, t0) of the geodesic
connecting two points on the boundary, (φ1, t0) and (φ2, t0),
S(φ1, φ2, t0) = min Lren(φ1, t0, φ2, t0). (4.1)
As we can separate the time and space directions in the ADM formalism we
can use formula (4.1) in this background. In Fig.12 we plot how the pulse struc-
tures described in the previous sections are probed by the HEE. In Fig.12 we plot
the dependence of the HEE on t0 and φ2 for φ1 being fixed and different . We
see that similarly to two-point functions, there exists an expanding pulse-like zone
propagating from the point on the boundary where the massless particle has been
injected.
2we omit all prefactors in the calculation of the HEE like the gravitational constant etc.
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Figure 9. Illustration of one of the additional contributions to the correlator, when points
on the boundary (the black curve endpoints) to be taken on one side of the boundary. They
wind through both wedges wedges. Black curve is the basic geodesic, the magenta geodesic
is an intermediate, and it is the result of application of the isometry induced by left wedge
to green geodesic. The blue geodesic is the result of application of thee isometry induced
by the right wedge to magenta geodesic. Here we take  = pi/4 for both particles.
From Fig.12.A and Fig.12.B. we see that for some time the HEE remains con-
stant, then it turns to a nonequilibrium regime. For larger intervals this transition
to a nonequilibrium regime occurs faster.
4.2 Two colliding particles
In this subsection we probe the HEE evolution in the AdS3 background deformed by
two colliding massless particles.
Again, there are two different cases. The first one is when we probe the HEE
evolution for spacelike interval with endpoints placed on the opposite sides of the
boundary, with respect to the line of the collision, and the second one is when these
points are on the same side with respect to the collision line. The configurations of
the geodesics are the same as for calculations two-point correlators, but now we have
to take into account only geodesics with minimal renormalized length.
In Fig.13 we plot how the HEE probes the particles collision process, we plot
the dependence of HEE on t0 and φ2 for different  and fixed φ1. Here red curves
correspond to the contracting boundary of the living space. From Fig.13A. we see
wide zones, separated by discontinuities coming from each boundary. These zones
rapidly grow, and from some moment the regime is changed again in all living space.
In Fig.13.B the energy is large,  = 0.5 and in Fig.13.B,  = 0.1 and we see, that
– 12 –
Figure 10. Dependence of the inverse correlators in the case of two massless particles
collision. In this case φ1 =
3pi
2 (left column), φ1 = 5 (right column) and t1 = 0, conformal
dimension ∆ = 1 for each plot. Parameters for each plot are  = 0.1, 0.3, 0.78 from top to
down. Red curves correspond to boundaries of two dead zones, black curves are boundaries
of discontinuities separating pulses.
the size and rapidity of growth for these zones are relatively weak dependent on the
value of energy .
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Figure 11. Dependence of the inverse correlators in the case of two massless particles
collision. In this case φ1 =
3pi
2 (left column), φ1 = 5 (right column) and t1 = 0, conformal
dimension ∆ = 2 for each plot. Parameters of collision for each plot are  = 0.1, 0.3, 0.78
from top to down. Red curves correspond to boundaries of two dead zones, black curves
are boundaries of discontinuities separating pulses
– 14 –
A. B.
Figure 12. Dependence of the holographic entanglement entropy, calculated with the
formula (4.1), on t0 and φ2. Here φ1 =
3pi
2 ,  = 0.78 (plot A) and φ1 =
3pi
2 ,  = 0.38 (plot
B). φ2 corresponds to x-axis, t0 to y-axis.
A. B.
Figure 13. Dependence of the holographic entanglement entropy, calculated with the
formula (4.1), on t0 and φ2 for different φ1 and φ2. On the plot A.  = 0.1 and φ1 = 3pi/2.
On plot B.  = 0.5 and φ1 = 3pi/2. φ2 corresponds to x-axis, t0 to y-axis.
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5 Conclusion
In this paper we have considered the models of quantum field theory, dual to the AdS3
space with one ultrarelativistic point-like particle and with two colliding ultrarela-
tivistic point particles. In both cases the dual models live on the spaces with varying
sizes. For these models, we have studied two-point correlation functions within the
geodesic approximation and the holographic entanglement entropy. From numeri-
cal calculations we have seen that these models capture some features of quantum
systems under sudden quench and quantum systems with time-dependent volume.
We have shown that within geodesic approximation the ultrarelativistic massless
defects due to gravitational lensing of the geodesics produce zone structure for cor-
relators. Non-stationary living spaces produce excitation waves, moving along the
boundaries from the quench points, i.e. from the points on the boundary where the
ultrarelativistic particles is injected. The propagating pulse zone is localized near
the ends of the wedge on the boundary. There are also intermediate zones separated
by discontinuities which are localized and propagate along the living space with the
constant speed. HEE has also nontrivial zone structure. Two colliding massless
defects produce more complicated zone structure for correlators and entanglement
entropy.
It worth to find out are these discontinuities in the correlator and entropy arti-
facts of the classical approximation that we used, or they can be seen even in a full
solution through the scalar field equation. This question we suppose to investigate
in the separated study, that is started in [16].
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